Introduction
Fréchet distribution was developed by Maurice Fréchet in 1927. It is a continuous probability distribution and can also be called the Inverse Weibull distribution. The Inverse Rayleigh and Inverse Exponential distributions can be considered as special cases of the Fréchet distribution. Fréchet distribution has several applications; some of which can be found in hydrology and finance for modeling extreme events. Some further details about the Fréchet distribution including its applications are available in Harlow (2002) , Morales (2005) , Nadarajah and Kotz (2008) , Zaharim, Najid, Razali, and Sopian (2009) , Mubarak (2011) , and Pehlivan and Vuong (2011) . The cumulative distribution function (cdf) and probability density function of the Fréchet distribution (Fr) are: 
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respectively, where α > 0 and β > 0 are scale and shape parameters, respectively.
Some extensions of the Fréchet distribution have previously been proposed in the literature, the Beta Fréchet Distribution (Barreto-Souza, Cordeiro, & Simas, 2011), Weibull Fréchet distribution (Afify, Yousof, Cordeiro, Ortega, & Nofal, 2016) and the Logistic Fréchet distribution (Tahir, Cordeiro, Alzaatreh, Mansoor, & Zubair, 2016) are remarkable examples. This paper is however interested in extending the Fréchet distribution using the Gompertz family of distribution proposed by Alizadeh, Cordeiro, Pinho, and Ghosh (2017) . One of the motivations of this study is the ability of the Gompertz family of distribution to perform creditably well than other well-known families of distributions as noted by Oguntunde, Khaleel, Ahmed, Adejumo, and Odetunmibi (2017) where the superiority of the Gompertz Lomax distribution over the Weibull Lomax, Beta Lomax and Kumaraswamy Lomax distributions was demonstrated.
It is worthy of note that other generalized families of distributions exist in the literature, examples of which include the Beta generalized family of distribution and many others which are listed in Merovci, Khaleel, Ibrahim, and Shitan (2016) , Oguntunde, Adejumo, Okagbue, and Rastogi (2016) , Oguntunde et al. (2018) and several other authors but the Gompertz family of distribution is well preferred in this research because it has not been widely explored despite its potentials. This research is aimed at extending the Fréchet distribution in order to increase its potentials in modeling extreme events both in reliability studies, hydrology, finance and so on.
The densities of the Gompertz Fréchet distribution are derived in Section 2 of this paper, its various statistical properties are established in Section 3 while applications to real-life data sets are provided in Section 4. The potentials of the proposed Gompertz Fréchet distribution would be demonstrated with respect to the Gompertz Lomax, Gompertz Weibull and Gompertz Burr XII distributions.
The Gompertz Fréchet (GoFr) distribution
The densities of the Gompertz generalized family of distribution are:
and
where θ and γ are extra shape parameters, FðxÞ and f ðxÞ are the cdf and pdf, respectively. These shape parameters are to introduce/induce skewness into the parent distribution and this, however, increased the ability of the proposed model in modeling real events.
Therefore, the cdf of the GoFr distribution is obtained by substituting the expression in Equation (1) into Equation (3) as follows:
The corresponding pdf of the GoFr is given by:
where α > 0 is the scale parameter, β > 0, γ > 0 and θ > 0 are shape parameters, respectively.
Plots for the GoFr distribution at various parameter values are as shown in Figure 1 :
Obviously, the plots in Figure 1 reveal the shape of the GoFr distribution as being unimodal, increasing or decreasing.
Possible plots for the cdf of the GoFr distribution are as shown in Figure 2: 
Expansions for the distribution and density functions
Expansions for the cdf and pdf of the GoFr distribution are provided as:
and f ðx; α; β; γ; θÞ ¼ βα
respectively.
The expressions in Equations (7) and (8) can further be used to obtain the moments, moment generating function (mgf) and entropy of the GoFr distribution. 
Statistical properties
Statistical properties like the quantile function, median, survival function, hazard function, reversed hazard function, odds function, distribution of order statistics and estimation of parameters are provided in this section.
Quantile function and median
The quantile function is the inverse of the cdf and it can be represented mathematically as:
Therefore, the quantile function of the GoFr distribution is derived as:
where U,Uniformð0; 1Þ
The median for the GoFr distribution is obtained by substituting u ¼ 0:5 in Equation (9) as:
Other quantiles can be obtained from Equation (9) when the appropriate value of u is substituted.
Reliability analysis
Survival Function: The Survival (or reliability) function is derived as follows:
Therefore, the survival function of the GoFr distribution is given as:
where α > 0, β > 0, γ > 0 and θ > 0. Hazard Function: The hazard function which can also be called the failure rate is derived from:
So, the hazard function of the GoFr distribution is:
hðx; α; β; γ; θÞ ¼ θβα
where α > 0, β > 0, γ > 0 and θ > 0.
Plots for the failure rate of the GoFr distribution are as shown in Figure 3 :
The plots in Figure 3 indicate that the shape of the failure rate of the GoFr distribution could be decreasing, increasing and unimodal. This implies that the GoFr distribution can be used to describe and model real-life phenomena whose failure rates are decreasing, increasing or inverted bathtub.
Reversed Hazard Function:
The reversed hazard function is derived from:
So, the expression for the reversed hazard function of the GoFr distribution is given as:
rðx; α; β; γ; θÞ ¼ θβα
where α > 0, β > 0, γ > 0 and θ > 0. Odds Function: The odds function is derived from:
OðxÞ ¼ FðxÞ SðxÞ
Therefore, the expression for the odds function of the GoFr distribution is given as:
rðx; α; β; γ; θÞ ¼
Order statistics
If x 1 ; x 2 ; :::; x n denote random samples from the densities of a GoFr distribution as defined in (5) and Equation (6) respectively; the pdf of the kth order statistics of the GoFr distribution is obtained as follows:
Consequently, the pdf of kth order statistics for the GoFr distribution is obtained as:
When k ¼ 1 the distribution of minimum order statistics for the GoFr distribution is therefore given as:
and when k ¼ n the distribution of maximum order statistics for the GoFr distribution is:
Estimation of unknown parameter
The unknown parameters of the GoFr distribution are estimated using the maximum likelihood estimation (MLE) method as follows: let x 1 ; x 2 ; :::; x n represent random samples which are distributed according to the pdf of the GoFr distribution, the likelihood function denoted by l ¼ f x i ; α; β; γ; θ ð Þis derived from:
f x 1 ; x 2 ; :::; x n ; α; β; γ; θ ð Þ ½ Therefore, the log-likelihood function is:
The solution of the non-linear equations of
d log l dθ ¼ 0 results to the ML estimates of parameters α; β; γ and θ respectively. The solution could not be obtained analytically except by numerical methods using software like R, MAPLE, SAS and so on.
Real life applications
For illustration purposes, the Gompertz Fréchet distribution was applied to two different real-life data sets and its performance was compared with the Gompertz Weibull, Gompertz Burr XII and Gompertz Lomax distributions. The criteria for selecting the distribution with the best fit are loglikelihood, Bayesian Information Criteria (BIC), Akaike Information Criteria (AIC), Hannan and Quinn Information Criteria (HQIC) and Consistent Akaike Information Criteria (CAIC). The value for the Shaphiro Wilks (W) test, Anderson Darling (A) statistic and Kolmogorov Smirnov (KS) statistic with its corresponding p-value are also provided. All the analyses in this study were performed using R software.
Data I: This data set relates to the strength of carbon fibers tested under tension at gauge lengths of 10 mm. The data has been recently reported and analyzed by Bi and Gui (2017) 977, 2.996, 3.030, 3.125, 3.139, 3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3.501, 3.537, 3.554, 3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5 .020 Table 1 shows the result of the analysis comparing the GoFr distribution to its counterpart distributions using DATA I:
From Table 1 , GoFr distribution has the highest log-likelihood value and lowest AIC, CAIC, BIC and HQIC values. Therefore, the GoFr is chosen as the model with the best fit among the distributions considered. Table 2 shows the value for the W statistic, Anderson Darling statistic and the Kolmogorov Smirnov statistic for all the competing distributions using the first data set. Figure 4 shows the histogram of the GoW, GoBXII, GoLom and GoFr distributions with respect to the first data set.
GoFr distribution represents the curve with the red line and it has been illustrated in Figure 4 to have the highest peak and however fits better to the histogram of the real data. The graph of the empirical cdfs of the GoW, GoBXII, GoLom and GoFr distributions with respect to the first data set is as shown in Figure 5 : DATA II: This data set relates to civil engineering data with 85 hailing times. It has been previously used by Kotz and Dorp (2004) . The observations are as follows:
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From Table 3 , GoFr distribution has the highest log-likelihood value and lowest AIC, CAIC, BIC and HQIC values. Therefore, the GoFr is chosen as the model with the best fit among the distributions considered. Table 4 shows the value for the W statistic, Anderson Darling statistic and the Kolmogorov Smirnov statistic for all the competing distributions using the second data set. Figure 6 shows the histogram of the GoW, GoBXII, GoLom and GoFr distributions using the second data set.
The graph of the empirical cdfs of the GoW, GoBXII, GoLom and GoFr distributions using the second data set is as shown in Figure 7 .
Conclusion
The Fréchet distribution has been successfully extended in this research. The densities of the Gompertz Fréchet distribution have been carefully derived and explicit expressions for its basic statistical properties have been established. The shape of the GoFr distribution could be increasing, decreasing or unimodal. It has also been established that the GoFr distribution exhibits increasing, decreasing and inverted bathtub (unimodal) failure rate. The Gompertz Fréchet distribution was Figure 6 . Histogram of the fitted distributions.
applied to two real-life data sets and it was found to be better than the Gompertz Weibull, Gompertz Burr XII and Gompertz Lomax distributions based on the log-likelihood, AIC, CAIC, BIC and HQIC values posed by the distributions. It is concluded that the GoFr distribution is a good and competitive model for describing real-life phenomena. Further research would involve simulation studies using the quantile function obtained in this research. 
